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The theoretical understanding of the fracture mechanics of rubber is not as well developed as for other
engineering materials, such as metals. The present study is intended to further the understanding of
the dissipative processes that take place in rubber in the vicinity of a propagating crack tip. This
dissipation contributes signiﬁcantly to the total fracture toughness of the rubber and is therefore of great
interest from a fracture mechanics point of view. To study this, a computational framework for analysing
high-speed crack growth in a biaxially stretched rubber under plane stress is therefore formulated. The
main purpose is to investigate the energy release rates required for crack propagation under different
modes of biaxial stretching. The results show, that inertia comes into play when the crack speed exceeds
about 50 m/s. The total work of fracture by far exceeds the surface energy consumed at the very crack tip,
and the difference must be attributed to dissipative damage processes in the vicinity of the crack tip. The
size of this damage/dissipation zone is expected to be a few millimetres.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Fracture mechanics of metals has been studied extensively both
experimentally and theoretically over the years. When it comes to
rubber, several experimental investigations have been made, e.g.
Rivlin and Thomas (1953), Thomas (1955), Greensmith and
Thomas (1955), Greensmith (1956), Kolsky (1969), Gent and Kim
(1978), Gent and Marteny (1982a), Dragoni and Medri (1988),
Chung et al. (1991), Deegan et al. (2002), Petersan et al. (2004),
Zhang et al. (2009), Niemczura and Ravi-Chandar (2011) and
Chen et al. (2011). Several of the early studies aimed at establishing
a critical tearing energy for rubber. Other studies have tried to
determine the crack speed as a function of the applied (macro-
scopic) load state. Additional information has been provided in
other studies that have performed microscopic investigations of
the fracture surfaces of rubber (Bascom, 1977; Fukahori and
Andrews, 1978; Bhowmick et al., 1980; Setua and De, 1983; Gent
and Pulford, 1984; Goldberg et al., 1988; Pandey and Mathur,
2003). However, the theoretical understanding of fracture in
rubber is less developed.
Rubbers may be characterised as viscoelastic, which means that
viscoelastic dissipation contributes to the total fracture toughness
of the material. Hence, there are at least two different sources for
energy consumption at an advancing crack tip in rubber. The ﬁrst
source is associated with the innermost region at the crack tip,where cavities form, polymer chains are pulled out, and polymer
chain bonds are broken. This process is mainly governed by the
basic molecular structure and strength of the material (Thomas,
1994). The second source is the viscoelastic dissipation in the poly-
mer in front of the crack tip (Persson et al., 2005). Possibly some
amount of damage may also be involved. On the basis of these
observations, it is to be expected that the tearing energy of rubber
will depend strongly on both temperature and crack velocity.
It has also been noted that transverse stretching (i.e. stretching
in the direction of crack extension and propagation) tends to
decrease the energy release rate for propagating cracks (Gent and
Kim, 1978; Gent and Marteny, 1982a). In fact, rubber sheets that
are highly stretched in the transverse direction can be split apart
quite easily. This indicates that the originally isotropic material
becomes ﬁbrous in character, i.e. much weaker for a tear running
in the direction of extension than for one running at right angles
to it.
There are a few theoretical studies that examine the contribu-
tion of viscoelasticity to the fracture toughness of polymers, e.g.
Carbone and Persson (2005), Marder (2005, 2006), Persson and
Brener (2005), Wang and Chen (2005), Tang et al. (2008, 2009),
Kroon (2011), Elmukashﬁ and Kroon (2012) and Elmukashﬁ and
Kroon (in press). However, several of these studies adopt a theory
valid for inﬁnitesimal strains, and the validity of those results for
rubber-like solids is therefore questionable. In a previous study
by the present author (Kroon, 2011), dynamic crack propagation
under steady-state conditions in rubber was examined. Plane
deformation was assumed and a Kelvin-type of material was
4420 M. Kroon / International Journal of Solids and Structures 51 (2014) 4419–4426adopted. It was demonstrated that viscoelastic dissipation may
explain the large discrepancies observed between the surface
energy consumed at the very crack tip and the macroscopic frac-
ture toughness obtained in experiments. Other theoretical studies
address different aspects of crack growth in viscoelastic solids,
mostly under the assumption of inﬁnitesimal strains (Knauss,
1969; Lindley, 1973; Schapery, 1975, 1989; de Gennes, 1996;
Rahulkumar et al., 2000).
In the present work, a computational framework is proposed for
analysing high-speed crack propagation in biaxially stretched rub-
ber sheets under conditions of steady-state and plane stress. The
main purpose of the study is to shed some more light on the con-
tributions from local surface energy at the crack tip and bulk visco-
elasticity and possible damage processes to the total work of
fracture required to propagate a crack. The problem to be analysed
is formulated in Section 2 and the numerical implementation is
outlined in Section 3. Numerical results are presented in Section 4
and discussed in Section 5.2. Problem formulation
2.1. Geometry and boundary conditions
Consider a crack that propagates through a rubber solid at a
constant speed and under steady-state conditions. The crack is
illustrated in Fig. 1(a). At some point the crack passes through
the control volume, indicated by the dotted box in Fig. 1(a). This
rectangular control volume is analysed, and its dimensions and
the applied boundary conditions are indicated in Fig. 1(b). Due to
symmetry, only the upper half of the control volume is modelled.
The coordinate system X1–X2–X3 pertains to the reference conﬁg-
uration and is located at the propagating crack tip. Position vectors
x ¼ xiei and X ¼ Xiei are associated with the deformed and refer-
ence conﬁgurations, respectively, where ei is a set of orthogonal
basis vectors. The displacement vector is deﬁned as u ¼ x X,
and the traction vector T is deﬁned as force per unit undeformed
area. Boundary conditions are applied according to
X1 ¼ B0 : u1 ¼ D1; T2 ¼ 0; ð1Þ
X1 > 0; X2 ¼ 0 : u2 ¼ 0; T1 ¼ 0; ð2Þ
X1 < 0; X2 ¼ 0 : T1 ¼ T2 ¼ 0; ð3Þ
X2 ¼ H0 : u2 ¼ D2; T1 ¼ 0; ð4Þ
i.e. loading is imposed in terms of the prescribed displacements
D1 and D2. In addition, plane stress is assumed, implying that
T3 ¼ 0 8 X.Fig. 1. (a) Crack propagating through a rubber solid. (b) GeometThe applied boundary displacements correspond to the global
stretches
K1 ¼ B0 þ D1B0 ; K2 ¼
H0 þ D2
H0
: ð5Þ2.2. Equations of motion
We assume that steady-state prevails, and the fundamental
assumption is made that the time derivative of all ﬁeld variables
can be computed as
dðÞ
dt
¼ V c @ðÞ
@X1
; ð6Þ
where Vc is the Lagrangian speed of the crack in the reference con-
ﬁguration. The true crack speed vc relates to the Lagrangian speed
as
vc ¼ VcK1: ð7Þ
The equations of motion may be expressed as
@Pij
@Xj
¼ q0
d2ui
dt2
¼ q0V2c
@2ui
@X21
; ð8Þ
where Pij are the components of the ﬁrst Piola–Kirchhoff stress ten-
sor, and q0 is the density of the material in the undeformed state.
Body forces are ignored. Multiplication with a virtual displacement
ﬁeld dui and integration over the control volume domain X0 givesZ
X0
@Pij
@Xj
 q0V2c
@2ui
@X21
 !
duidX0 ¼ 0: ð9Þ
By use of the chain rule and Gauss’ theorem, Eq. (9) may be recast
intoZ
X0
Pijq0V2c
@ui
@X1
d1j
 
@dui
@Xj
dX0þ
Z
S0
q0V
2
c
@ui
@X1
N1Ti
 
duidS0¼0;
ð10Þ
where dij is the Kronecker delta, S0 is the boundary surface of the
control volume in the reference conﬁguration, Ni is the outward
normal to S0, and Ti ¼ PijNj is the traction vector acting on S0. We
also note that
Pij
@dui
@Xj
¼ PijdFij ¼ SijdEij; ð11Þ
where Fij ¼ @xi=@Xj; Sij, and Eij are the components of the deforma-
tion gradient tensor, the second Piola–Kirchhoff stress tensor, and
the Green strain tensor, respectively. Application of the boundaryry and boundary conditions of the analysed control volume.
Fig. 2. Deﬁnitions for evaluation of J-integral.
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(10) vanishes, since dui is zero where prescribed displacements
are applied and N1 and Ti vanish on the free crack surface. Eq.
(10) may now be rewritten and simpliﬁed to
Fðu; duÞ ¼
Z
X0
SijdEij  q0V2c
@ui
@X1
@dui
@X1
 
dX0 ¼ 0; ð12Þ
which constitutes the weak form of the equations of motion for the
present steady-state problem.
2.3. Constitutive behaviour
The total deformation gradient F is split into a viscous and an
elastic part, Fv and Fe, such that
F ¼ FeFv ð13Þ
and incompressibility is assumed, implying that det F ¼ det
Fe ¼ det Fv  1. The associated right Cauchy–Green deformation
tensors are deﬁned as C ¼ FTF; Cv ¼ FTvFv, and Ce ¼ FTeFe. Plane
stress is taken to prevail, and the components of the deformation
gradient F, the right Cauchy–Green deformation tensor C, and the
internal state variable tensor Cv are assumed to be on the forms
Fij ¼
F11 F12 0
F21 F22 0
0 0 F33
2
64
3
75; Cij ¼
C11 C12 0
C21 C22 0
0 0 C33
2
64
3
75;
Cv;ij ¼
Cv;11 Cv;12 0
Cv;21 Cv;22 0
0 0 Cv;33
2
64
3
75:
ð14Þ
The constitutive behaviour of the material is formulated in
terms of a strain energy function W:
W¼ le
2ðaþ1Þ I
aþ1
1 3aþ1
 
þ lv
2ðaþ1Þ I
aþ1
v 3aþ1
 
pðJ1Þ; ð15Þ
where le; lv, and a are material constants, J ¼ detF, p is a Lagrange
multiplier, and the invariants I1 and Iv are deﬁned as
I1 ¼ C : I; Iv ¼ Ce : I ¼ C : C1v ; ð16Þ
where I is the identity tensor.
The second Piola–Kirchhoff stress is computed as S ¼ 2@W=@C,
and after the Lagrange multiplier has been determined by use of
the boundary condition S33 ¼ 0, the second Piola–Kirchhoff stress
tensor takes on the form
S ¼ leIa1 I C33C1
 
þ lvIav C1v 
C33
Cv;33
C1
 
: ð17Þ
It should be noted that the ﬁrst term in Eq. (17) (purely elastic stres-
ses) vanishes for C! I, whereas the second term (viscoelastic stres-
ses) vanishes for Cv ! C.
In the present problem, it is assumed that the virgin (unbroken)
material is ﬁrst exposed to a state of biaxial loading, characterised
by the global stretches K1 and K2, corresponding to the homoge-
neous deformation state
C0 ¼ K21e1  e1 þK22e2  e2 þ
1
K21K
2
2
e3  e3: ð18Þ
When the viscoelastic stresses have been relaxed, the state variable
tensor Cv will therefore be Cv ¼ C0. The viscoelastic relaxation in the
rubber material is modelled by use of the tensor Cv, and in principle,
an evolution law is required for Cv. However, the time constants
associated with stress relaxation in rubber are of the order of a sec-
ond or higher (Kawabata and Kawai, 1977; Bergström and Boyce,
1998), whereas the processes associated with the dynamic crack
propagation to be considered here take place at much shorter timescales (on the order of microseconds). In the present analysis, we
therefore neglect the evolution of Cv and assume that Cv ¼ C0 holds
throughout the analysis. The second Piola–Kirchhoff stresses may
then be expressed as
S ¼ leIa1 I C33C1
 
þ lvIav C10  C33K21K22C1
 
: ð19Þ
From this, the ﬁrst Piola–Kirchhoff stress tensor P and Cauchy stress
tensor r are computed as
P ¼ FS; r ¼ PFT: ð20Þ
The material stiffness tensor is also introduced, whose compo-
nents are deﬁned as
Cijkl ¼ 2 @Sij
@Ckl
: ð21Þ2.4. J-integral evaluation
The J-integral (Rice, 1968; Chang, 1972) is an appropriate entity
for quantifying the energy required for crack propagation. The
J-integral is computed as a line integral around the crack tip as
indicated in Fig. 2. In the present problem, where we have both
strain energy and kinetic energy involved, the J-integral may be
expressed as
Jtip ¼ lim
C!0
Z
C
EN1  Pij @ui
@X1
Nj
 
dC; ð22Þ
where E ¼ Wþ T is the internal energy per unit reference volume,W
is the strain energy, and T is the kinetic energy. The normal to the
curve C is denoted Nj. The notation Jtip indicates that the J-integral
is evaluated close to the crack tip. The kinetic energy is computed as
T ¼ q0
2
_ui _ui ¼ q0V
2
c
2
@ui
@X1
@ui
@X1
: ð23Þ
In the present steady-state problem, the J-integral is path-
independent, and Jtip may therefore be evaluated by use of a
contour C1 located at some distance from the crack tip, see Fig. 2.
The J-integral is then computed as
Jtip ¼
Z
C1
EN01  Pij
@ui
@X1
N0j
 
dC1: ð24Þ
A derivation of this expression and a proof of the path indepen-
dence are provided in Kroon (2011).
We will also consider the energy entity Jff , deﬁned as
Jff ¼
Z
C1
WN01  Pij
@ui
@X1
N0j
 
dC1
¼
Z H0
X2¼H0
WðX1 ¼ B0;X 02Þ WðX1 ¼ B0;X02Þ
 
dX02;
ð25Þ
4422 M. Kroon / International Journal of Solids and Structures 51 (2014) 4419–4426where X02 is an integration variable and the line contour C1 is taken
to coincide with the edges of the control volume in Fig. 1(b). The
resulting value Jff is often referred to as the ‘far ﬁeld’ value of the
J-integral, and this value corresponds to the energy release rate
measured in experiments.
3. Numerical implementation
The geometry of the control volume in Fig. 1(b) is discretised
and the ﬁnite element mesh is shown in Fig. 3. We apply
B0 ¼ 2H0 and the innermost elements at the crack tip are collapsed
and have a characteristic size of le. The model is subdivided into
ne ¼ nrna elements with domains Xe, where the subscript ðÞe is
an index (1 6 e 6 ne) referring to a speciﬁc ﬁnite element, and nr
and na denote the number of elements in the radial and angular
directions of the mesh, respectively. Isoparametric elements are
employed, and the initial geometry and displacement ﬁelds of
the model are interpolated according to
X ¼
Xnnode
I¼1
NIXI; u ¼
Xnnode
I¼1
NIuI; du ¼
Xnnode
I¼1
NIduI; ð26Þ
where X; u, and du denote interpolated position vector, displace-
ment ﬁeld, and virtual displacement ﬁeld, respectively, where
X ¼ ½X1 X2T; u ¼ ½u1 u2T; du ¼ ½du1 du2T: ð27Þ
Indexation ðÞI denotes nodal values of the respective entities, and
linear shape functions NI are employed (nnode ¼ 4). In the following,
underlined entities denote the ﬁnite element representation of an
entity. The position vector in the current conﬁguration is computed
as x ¼ Xþ u.
The variation of the Green strain is represented as
dE ¼
Xnnode
I¼1
BIduI; BI ¼
NI;1xT;1
NI;2xT;2
NI;1xT;2 þ NI;2xT;1
2
64
3
75; ð28Þ
where E ¼ ½E11 E22 2E12T represents the (2D) Green–Lagrange
strain tensor E, and BI is the standard gradient operator associated
with the Ith node. Above we have also introduced the notation
ðÞ;i ¼ @ðÞ=@Xi.
On the basis of Eq. (12), the equations of motion for an element
may now be expressed as
Xnnode
I¼1
duTI
Z
Xe
BTI S q0V2cNI;1u;1
 
dXe ¼ 0; ð29Þ
where S ¼ ½S11 S22 S12T is the ﬁnite element representation of the
second Piola–Kirchhoff stress tensor. The stiffness matrix for an ele-
ment is denoted KIJ , where I; J ¼ 1; . . . ;nnode, and it takes on the form
KIJ ¼
Z
Xe
BTI CBJ þ NI;iSijNJ;j  q0V2cNI;1NJ;1
 
I
n o
dXe; ð30Þ
where I is the unit matrix. The material stiffness matrix C takes on
the formFig. 3. Finite eleC ¼
@S11
@E11
@S11
@E22
@S11
@ð2E12Þ
@S22
@E11
@S22
@E22
@S22
@ð2E12Þ
@S12
@E11
@S12
@E22
@S12
@ð2E12Þ
2
664
3
775: ð31Þ
The area element in the integration is computed as
dXe ¼ jGn  Gg jdndg, where Gn ¼ @X=@n, Gg ¼ @X=@g, and n and g
are the natural coordinates of the isoparametric element. Deriva-
tives with respect to the Cartesian coordinates Xi are computed as
u;i ¼
Xnnode
I¼1
NI;iuI; x;i ¼
Xnnode
I¼1
NI;ixI; ð32Þ
where the derivatives of the shape functions are computed as
NI;1
NI;2
 	
¼ G
T
n
GTg
" #1
NI;n
NI;g
 	
: ð33Þ
Standard Gauss integration (four integration points) is used to
evaluate Eqs. (29) and (30), and contributions from all elements
are assembled in standard ways. The global system of equations
is then solved by use of a Newton–Raphson scheme.
When evaluating the J-integral, we adopt the domain integra-
tion method (Li et al., 1985; Shih et al., 1986; Chang and Chen,
1997; Rajaram et al., 2000). A smooth function q1 is introduced,
and J is computed as
J ¼
Z
A
Pij
@ui
@X1
 Ed1j
 
@q1
@Xj
dA; ð34Þ
where A is the area enclosed by the contours C; C1, and the two
load-free crack faces, see Fig. 2. An explanation of Eq. (34) is pro-
vided in Kroon (2011). A similar expression is used for evaluating
Jff . The weight function q1 must be 1 along C and 0 along C1. Half
rings of elements, starting from the symmetry plane (X2 ¼ 0) and
ending at the free crack surface, were deﬁned, and the area A was
comprised of consecutive element half-rings. The weight function
q1 was chosen to be 1 over all element rings included in A, except
for the outermost ring, where q1 decreased linearly to zero. Hence,
only the outermost element ring had to be considered when evalu-
ating Eq. (34). Integration of Eq. (34) was done by use of the same
standard Gauss integration that was used for the global FE system.
4. Numerical results
4.1. Determination of parameters in constitutive law
Experimental results are taken from Gent and Kim (1978) and
Gent and Marteny (1982a,b), in which tests are performed on a
ﬁlled natural rubber. Test pieces were tested in uniaxial tension,
see Fig. 4. In a uniaxial test, the deformation gradient is
F ¼ k01e1  e1 þ 1=
ﬃﬃﬃﬃﬃ
k01
q
e2  e2 þ 1=
ﬃﬃﬃﬃﬃ
k01
q
e3  e3, where k1 is the
stretch imposed in the loading direction. Furthermore, in a long-
term response uniaxial tensile test, the ﬁrst Piola–Kirchhoff stress
is predicted to bement mesh.
Fig. 4. Uniaxial stretching.
Fig. 6. Experimental retraction velocities from Gent and Marteny (1982b) together
with model predictions.
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1
k21
 !
: ð35Þ
Fig. 5 shows the experimental outcome from a long-term response
uniaxial tensile test (Gent and Kim, 1978) together with the ﬁtted
constitutive model. This yielded the parameter estimates
le ¼ 1:1 MPa and a ¼ 0:5.
In addition, retraction velocity tests were made on the same
material (Gent and Marteny, 1982b). In these tests, a stretch k01
was ﬁrst applied. The test strip was then released in one end,
which allowed the stresses in the specimen to contract the strip
dynamically. After one end had been released, there was a short
initial acceleration of the free end, but the retraction speed vr soon
reached a fairly constant level. In these tests, the retraction speed
is deﬁned as
v r ¼ L0 _k1; ð36Þ
where L0 ¼ 0:25 m. In the expressions for the stresses in the
material, we assume that Cv ¼ C0 ¼ ðk01Þ
2
e1  e1 þ 1=k01e2  e2þ
1=k01e3  e3.
A short ﬁnite element programwas written in Matlab to analyse
the retraction problem and to predict the retraction speed based on
the present constitutive model. In Fig. 6, the predicted retraction
speed after the initial acceleration is shown for a few different val-
ues of lv together with the experimental data from Gent and
Marteny (1982b). Based on these observations, we adopt a value
of lv ¼ 5 MPa, which gives a relatively good prediction of the
retraction speed in the stretch regime of interest.Fig. 5. Long-term response in uniaxial tensile test: experimental results (symbols)
and ﬁtted model (solid line). Material parameters: le ¼ 1:1 MPa, a ¼ 0:5.4.2. Geometric parameters in numerical model
Gent and Marteny (1982a) present experimental results for
dynamic crack propagation in biaxially stretched rubber sheets of
the material for which the constitutive response was determined
in the previous subsection. Rubber sheets are stretched biaxially,
such that the applied stretches are K1 and K2 in the X1- and
X2-directions, respectively, see Fig. 7. A gridwas painted on one side
of the sheets to measure the applied in-plane strains. The third
direction X3 is oriented in the thickness direction of the sheets.
The rubber sheets were relatively thin (0.5 mm) compared with
the two in-plane dimensions (about 150 mm  20 mm), and it isFig. 7. Principle sketch of experimental setup used in Gent and Marteny (1982a).
Fig. 8. Crack speed vs. applied stretch. Open symbols denote experimental results
from Gent and Marteny (1982a), and ﬁlled symbols connected with dotted lines
denote computational points.
Table 1
Energy release rates for computational points in Fig. 8.
K1 [–] K2 [–] vc [m/s] J [kJ/m2] Jff [kJ/m
2]
1.0 2.0 1 7.84 7.84
1.0 2.5 2 22.3 22.3
1.0 3.0 3 48.6 48.6
1.0 3.5 40 90.1 90.2
1.0 4.0 70 149 152
1.0 4.5 100 228 233
1.5 2.0 1 12.1 12.1
1.5 2.5 20 31.4 31.7
1.5 3.0 50 65.3 68.1
1.5 3.5 80 117 128
1.5 4.0 110 190 218
2.0 2.0 5 17.6 17.7
2.0 2.5 55 42.7 46.9
2.0 3.0 95 84.8 104
2.0 3.5 130 147 202
4424 M. Kroon / International Journal of Solids and Structures 51 (2014) 4419–4426justiﬁed to assume that a state of plane stress prevails. The biaxial
stretch state is imposed as indicated in Fig. 7. Hence, a stretch K1
is ﬁrst applied in the X1-direction. After this, the sheet is clamped
between two rigid grips separated 10 mm from each other in theFig. 9. Distribution of maximum principal (Cauchy) stress r1 for two different loadX2-direction, and then the stretch K2 is applied in the X2-direction.
After the initial biaxial stretch state has been imposed, a crack is ini-
tiated at the centre of the stretched sheet by use of a needle, and the
crack starts to grow dynamically in the X1-direction. The crack
exhibits a short acceleration phase, but soon it reaches a steady-
state and propagates with a constant speed vc. The dimensions of
the FEmodel are chosen to reﬂect the conditions in the experiments.
Hence, thematerial is assumed to be incompressible, and the height
of the model is therefore set to H0 ¼
ﬃﬃﬃﬃﬃﬃ
K1
p 	 5 mm. The smallest ele-
ments at the crack tip have a size of le ¼ 0:1 mm. The results in Gent
andMarteny (1982a) are provided in terms of the steady-state crack
speed as a function of the applied stretches K1 and K2.4.3. Results
The attained crack speeds vc at different global stretches K1 and
K2 from Gent and Marteny (1982a) are shown in Fig. 8 (open sym-
bols). There are two major tendencies to be noted in the results in
Fig. 8. First of all, the crack speed increases with K2, i.e. the stretch
applied normal to the direction of crack propagation. Secondly, for
a given stretch K2, the crack speed increases with increasing trans-
verse stretch K1.
Enclosed in Fig. 8 are also a number of states fK1; K2; vcg
(ﬁlled symbols connected with dotted lines) that are analysed by
use of the computational framework presented in previous sec-
tions. The computational points are chosen to be representative
of the experimental results. In a few cases, the computational
points are obtained through extrapolation rather than interpola-
tion of the experimental values. The results from the analyses are
listed in Table 1 in terms of the attained values of J and Jff .
The outcomes from two analyses are illustrated in Fig. 9. In this
case, the distribution of the main principal (Cauchy) stress is
shown. The crack tip proﬁle has the typical parabolic shape often
observed for rubber. The strength of this material in uniaxial ten-
sion is about 25 MPa in terms of engineering (ﬁrst Piola Kirchhoff)
stress, see Fig. 5, which translates to 125 MPa in terms of true
(Cauchy) stress. As can be seen from Fig. 9, there is a region in
the vicinity of the crack tip where this stress is exceeded.
The outcome from the analyses is also illustrated graphically in
Fig. 10. Results are shown in terms of the energy release rates J and
Jff , where J represents the energy release rate in the vicinity of the
crack tip, whereas Jff represents the work of fracture that needs
to be applied externally in order to propagate the crack at steady-
state.
From Fig. 10 it appears that the energy release rates increase in
an almost exponential fashion with crack speed. It is also clear that
below a crack speed of about vc ¼ 50 m/s, the inﬂuence of inertia is
negligible, i.e. Jff is virtually identical to J. Above this speed, how-
ever, inertia comes into play and to some extent ‘‘shields’’ the crackcases: {K1 ¼ 1:0; K2 ¼ 3:0; vc ¼ 3 m/s} and {K1 ¼ 2:0; K2 ¼ 3:0; vc ¼ 95 m/s}.
Fig. 10. Energy release rates in terms of crack tip J (ﬁlled symbols) and far ﬁeld Jff
(open symbols) at different crack speeds.
Fig. 11. Energy release rates from Lake et al. (2000) (‘
’) compared with the
computed values of J from the present study (ﬁlled symbols according to Fig. 10).
M. Kroon / International Journal of Solids and Structures 51 (2014) 4419–4426 4425tip from the externally applied work of fracture, i.e. J < Jff . It also
seems that for a given crack speed, vc, the effects of inertia increase
with the applied transverse stretch, K1.5. Discussion and concluding remarks
Dissipative processes are of great signiﬁcance when it comes to
the fracture resistance of materials. The purpose of the present
study is to shed some more light on these dissipative processes
in rubber. A few attempts have been done previously to numeri-
cally predict the contribution of viscoelasticity to the resistance
to fracture (Carbone and Persson, 2005; Persson and Brener,
2005; Tang et al., 2008, 2009). However, these studies adopt a the-
ory valid for inﬁnitesimal strains, and the validity of those results
for rubber-like solids is therefore questionable. In a previous study
by the present author (Kroon, 2011), a ﬁrst attempt was made to
predict the contribution of viscoelastic dissipation to the total
work of fracture. In that case, the rubber was modelled as a Kelvin
material and a state of plane deformation was considered. Furtherinsights were gained in Elmukashﬁ and Kroon (2012, in press),
where full transient dynamic analyses of crack propagation in rub-
ber were performed. The present analysis is an attempt to achieve
more insights, and we now consider a biaxially stretched Maxwell
material in a state of plane stress.
It should be noted that theoretical predictions as well as exper-
imental observations indicate that the actual separation process at
the very crack tip requires an energy release rate of about 50 J/m2
(Lake and Lindley, 1964; Lake and Lindley, 1965; Lake and Thomas,
1967; Mueller and Knauss, 1971; Ahagon and Gent, 1975), which is
signiﬁcantly less than the energy release rates obtained in the
present study or in the forgoing studies (Kroon, 2011; Elmukashﬁ
and Kroon, 2012; Elmukashﬁ and Kroon, in press). However, such
estimates are valid for a crack propagating very slowly and at high
temperature, for which case viscoelastic dissipation is minimised.
Hence, the great difference between such estimates and the pres-
ent results must be attributed to additional dissipative processes
taking place in front of the crack tip. Experimental studies also
show that the energy release rate increases with crack speed,
and at a crack speed of vc ¼ 10 m/s, for example, the energy release
rate is expected to be somewhere in the range 10–100 kJ/m2 (Lake
et al., 2000), which is in agreement with the present results, see
Fig. 11.
In Fig. 10, it may be observed that for a given crack speed vc, the
energy release rates decrease with increasing transverse stretch
K1. This is in line with other experimental observations for quasi-
static crack growth (Gent and Kim, 1978). The reason for this is not
well understood. However, it may be conjectured that the amount
of energy dissipated in the damage process zone is related to the
normal stress required to propagate the crack. Hence, the addition
of a transverse stress may decrease the normal stress required for
crack propagation, which in turn decreases the amount of energy
dissipated in the damage process zone.
It is to be expected, that there exists a damage process zone in
the vicinity of the propagating crack tip. As a start, we may think of
this as a cohesive zone. The estimate of the actual surface energy is
50 J/m2, and we may assume a rectangular cohesive law. The sur-
face energy may then be computed as the strength of the surface
times some critical distance between the two crack faces. If we
apply the engineering strength of the present rubber, i.e. 25 MPa,
the resulting critical surface separation in such a cohesive zone
would be 2 lm. Hence, at high temperatures and low crack speeds,
the process zone in which dissipation occurs is expected to have a
size in the micron range. But if we instead use a typical energy
release rate from the present study, say 100 kJ/m2, we instead
end up with a characteristic size of 4 mm for the damage/dissipa-
tion zone. This estimate seems to agree fairly well with the stress
contours in Fig. 9 where the characteristic size of the region in
which the stress has exceeded the fracture stress is of the order
of a few millimetres.
It is a well-established fact, that in rubber, mode I cracks may
attain speeds that exceed the Rayleigh wave speed. This type of
super-sonic crack propagation has been examined in previous
studies, e.g. by Marder (2006), Zhang et al. (2009) and Chen et al.
(2011). For instance, Chen et al. (2011) perform both experimental
and numerical examinations of the transition from sub- to super-
sonic crack propagation, and the inﬂuence of test sample size is
investigated. Two different scaling regimes for crack speeds were
identiﬁed. That is, for subsonic cracks, the crack speeds were inde-
pendent of the sample size when plotted vs. the stored elastic
energy, whereas for supersonic cracks, the crack speed becomes
independent of sample size when plotted vs. the applied normal
stretch (K2 in the present study). This outcome seems to be in good
agreement with the predictions by Marder (2006), who proposed a
theoretical framework for shock-like crack propagation in rubber-
like materials. This wedge-like crack tip associated with shock-like
4426 M. Kroon / International Journal of Solids and Structures 51 (2014) 4419–4426crack propagation was not observed in the present study, even at
the highest crack speeds. Instead, the crack proﬁle assumed the
typical parabolic shape, usually observed for slowly propagating
and static cracks.
In summary, a computational framework for studying high-
speed crack growth in biaxially stretched rubber-like solids under
conditions of plane stress and steady-state has been proposed. The
main purpose has been to investigate the energy release rates
required for crack propagation under different modes of biaxial
stretching. It was demonstrated, that inertia is expected to come
into play when the crack speed exceeds 50 m/s. The total work of
fracture by far exceeds the surface energy consumed at the very
crack tip, and the difference must be attributed to dissipative dam-
age processes in the vicinity of the crack tip. The size of this dam-
age zone is expected to be a few millimetres.References
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